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Let M(I):={f: fis a real-valued function that is bounded and measurable on an
m-dimensional compact interval 7} and let L: M(I)—> M(J) be a multivariate
positive linear operator. The aim of this paper is to give estimates for the
approximation error’s L,-norm || f— Lf]|, using the so-called averaged modulus of
smoothness or t-modulus of first order.  © 1989 Academic Press, Inc.

1. INTRODUCTION

While the univariate averaged modulus of smoothness or t-modulus has
been applied to give estimates for many different purposes {see the
monograph [12] for a detailed treatment), the multivariate analog has up
to now only been studied in connection with multivariate trigonometric
best approximation [5, 6] and the function spaces that are generated by
these multivariate -moduli [7]. Univariate results concerning estimates for
the approximation error of general positive linear operators have been
given in [4] via the first-order modulus and in [8, 107 via the second-
order modulus. In the following the multivariate t-modulus will be used for
the first time in the context of positive linear operators by establishing
a multivariate analogon of Popov’s theorem [47] as presented in [9].
Although the theorem stated here is quite similar to the univariate one, the
techniques used are completely different because the methods of the
univariate proof fail for the multivariate case. Therefore interpolation
results of Riesz—Thorin type for the 7-modulus had to be devised instead.

At first, it might be useful to give the detailed definitions of the usual
multivariate modulus of smoothness and the multivariate t-modulus which
are both quite straightforward generalisations of the univariate ones.

Let f: 7— R be a function defined on the compact interval /& R™, me N.
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Let |x| denote the maximum norm of a point x e R™. For ke N and he R™,
let A% f(x) denote the kth order difference of step 4 at the point xe1, ie.,

o (=D ') flx+iny  if x,x+khel
in all other cases.

AL f(x) = {0

Let L,(I):={f: f p-integrable on I}, 1<p<oo, and L (J):={f: f
bounded on I} while |||, refers to the corresponding norm.

Finally let C stand for a positive real constant, the value of which may
be different at each occurrence.

DerFINITION 1.1. Let fe L,(I), 1 p=< o0, and keN, §eR*. The usual
(multivariate) modulus of smoothness of order k£ and step & for the
function f'in L,-norm is defined as

(i) @ulf:0),:= sup ([ |A’;(x)|ﬂdx)”pfor1§p<oo

O< k=6
(i1) @i(f;6)e :=sup{|4Xf(x)|: x, x +khel, |h| L5}

Furthermore, let M(I) := {f: f bounded and measurable on I}. For these
functions the t-modulus can be given as follows:

DeriniTiON 1.2. Let fe M(I), ke N, and e R™.

(i) The (multivariate) local modulus of smoothness of order £ for
the function f at the point x e and for step ¢ is defined as

wi(f, x; 8) :=sup{|4Lf(D)|: t, t + kh €2 1s(X)},
where
‘Q(I/Z)ké(x) = {ye R™ |y —x| __<=lk5}_

(ii) The (multivariate) averaged modulus of smoothness or
t-modulus of order k for the function f and step é in L,-norm is given as

Tl /3 0)p =l 50, 1sp=co.

Thus the process of taking L,-norms first and a supremum afterwards
(as for the usual modulus of smoothness) is reversed for the definition
of the t-modulus. In the following some properties of the multivariate
t-modulus are stated which will be used later.

Note that by o= (a, .., a,) an m-dimensional multi-index is denoted
with |a| =37, a; as its norm and D% as its corresponding partial
derivative of the function f.
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Lemma 1.1, Let f, ge M(I), keN, 1<p< oo, and 6,8, AeR™. Then
the multivariate t-modulus of order k has the following properties
(1) wlf30),S7:(f;8), for 0<6 20,
(i) wlf+g ), St/ 8), + il 8),,
(i) ©l(f:6), <20, (f:K/(k—1)-6), for k22,
(iv)  telfs 20), S QIAL+2) 4" 1,( 3 6),,

V) ©lf30),£2%,5,8"IDf N, ;=0 or 1, if D*fe L(I) for all
mudti-indices o with |a| 21, a;=0 or 1,

(Vi) @ (f50), Sl f30), 0i[8) e =743 6) e
For detailed proofs of these properties see [ 71 or [8].

2. THE GENERAL Rrsurt

Without loss of generality only the case m =2 will be considered to sim-
plify notation and to avoid a too complicated use of indices. All techniques
that are used in the following text can be easily generalized for the case of
three or more variables.

The aim is to prove the following multivariate analogon of Popov’s
univariate result [4] concerning estimates for the approximation error of
positive linear operators via the first-order t-modulus.

Taeorem 2.1, Let I:=la,, b, x[a,, by] and let L: M{(I) - M(I) be a
positive linear operator (i.e., a linear operator for which f =0 implies Lf =0
Jor any fe M(I)) satisfying the following conditions (using the notation
ei,j(tlz [2) = Z‘II tj2a ia J‘—"Oa 15 2)

Leoo=eo,0
Ley o(x)=x; + ay(x)
Leg 1(x) = x5+ a5(x)
Le, o(x) = x7 + B1(x)
Leg 5(x) = x5+ B5(x) Jor x=(xy,x)el
and for M:=max(||f; —2ey,0% | w, | B2—2€0, 1% o) let M <min(1,(b; —a,)",

(b; —as)?).
Then for fe M(I) the following estimate holds,

”Lf‘—f||p§CT1(f9 \4/ M)ps 1§P§OO,
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where the positive constant C is independent of the operator L and the
Sfunction f.

While Popov’s techniques in the univariate case [4] allow a
straightforward proof for any p-norm, 1< p< o0, some crucial estimates
cannot be generalised for the multivariate case. Instead, the single cases
p=1 and p= oo are proven first, followed by the use of a Riesz-Thorin
type interpolation theorem for the case 1 < p < c0.

3. THE CAsE p=1

To prove Theorem 2.1 for the case p=1, a lemma is used that is similar
to the univariate lemma in [4], giving estimates for the approximation
error of truncated power functions ¢, by finding suitable parabolas that are
always greater (or always less) than the function o..

LemMA 3.1. Let the conditions of Theorem?2.1 hold. For any
c=(c,, ¢c,) eI define a function a.: R* > R by
oty 1) 1=ty — )% (12— ¢2)%

0 for ti<ciort,<c,
1 for t,=2ciand t,2c,

Then for e.:= Lo, — o, and x €1 the following estimates hold
(1) le(x) EM(c,—x) "% if x, <cy,
(il) le(x)| EM(c,—x,) 2 if x,< ¢y,
(iii) e (x)| S M((c;—x1) >+ (c;—x,)7?) if x,>¢; and x,> ¢,
(iv) e (x) =1 for all x€el,

) el £C /M, the positive constant C being independent of the
operator L.

Proof of Lemma 3.1. Note first that for the parabolas
l/’xl(tla zZ) = (tl'_"xl)2 and l//)cz(l‘la t2) = (t2——x2)2 (.XEIﬁXed)

we have M =sup{Ly, (x), Ly (x): xel}.

First let xel and a,<x,<c¢;, x,€[a,, b,], which implies g ,(x)=0.
Then for the parabola G,,, defined by G,,(7) :=(c; —x,) > ¢, (¢), tel), it
holds that 0<¢,.2G,,.

Applying the operator L and using its properties, we obtain after
evaluating at the point x: 0= Lo (x)<(c,—x,) "% Ly, (x) and therefore
(i). For xel, a;Sx,<c¢y, x,€[ay,b,], the parabola G, (t):=

X1
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(c;—x,) 2 Y ,,(2), tel, can be used similarly to show (ii). For xel,
¢;<x,Sbh,, c;<x,<b,, we have o .(x)=1. In this case for the parabola
H (1) = (c;—x) 2 Y () + (c2— x,) 2 Y (), te], the estimates 1 20,2
1 — H, hold, which in due course give (iii). As 0<0¢,<1 implies 0
Lo, <1, we get (iv). Finally, for 0<h=Zc¢,—a,

cy—h ph
jz jlie(,(xl,xz)idxl dx,<(b,—a;) Mh~'  follows from (ii).

a 2]

Similarly, for suitable & we obtain

¢+ h opby
f i j lec(xy, x,) dxy dx, £2(by —ay)h
('27

ay

and

by c+h

[ T e, )l ey ey <2(b, ~ ) from (iv),
cr+hYer—h

b c1—h

[ T et x)l doxy oy < (b, — ) MB~ from (i)
e+ hVay

and

by by
j j le(x1, %) dxy dxs < (by—ay+ by —a,) MR~'  from (iii).
c2+hYe1+h

c +\/ﬁ b
Setting 4 :=./M (and dealing with the integral j ’ j 1 instead of

ay ay
cz—\/l\? by o+ /M b
Lol e 00
ap ay o—JM Ya

the proposition of (v) can be shown. J

if M>c,—a, and so on)

Suitable functions Pf, Qf are required such that the error f — Pf is always
negative, f— Qf is always positive, and for which f—Pf, f—Of,
Pf— L{(Pf), Of — L(Qf) can be estimated via the first-order -modulus.

LEMMA 3.2, Let the conditions of Theorem 2.1 hold. Then for every
fe M(1) there exist functions Pf, Qf € M(I), such that the following estimates
hold:

(i) Qf<f<Pf;
() 1S =Pl S Cu(fs M), I = OF 1L S Cry(fs M)
(i) [1Pf— L(PN 1 < Cty(f; M)y, 10 — LIQA), S Cry(f; M),

The positive constants are independent of the operator L and the function f.
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Proof. As M <min(l, (b, —a,)?*, (b, —a,)*), it_is possible to choose
ni,nyeN, ny,ny 22,50 that by = (by —a)fn, < YM= (b, —a,)/(n,— 1)<
2h; and hy:=(b,—a,)n, £ YM L (b, —a,)/(n,— 1)< 2h,. Using these
fixed steps #, and h,, equidistant knots can be defined by ¢, ;:=a; + ik,
i=0,1, .. ny, in the interval [a,, b,] and ¢, ;:=a, + jh,, j=0, 1, .., n,, in
the interval [a,, b,], and thus a decomposition of the interval I is attained
by setting

L=t ) X [t o ta i 1)
for i=0,..,n,—-2,j=0,.,n,—2
L= [ — 15 Lim X L2 s B2 541)
for j=0,.,n,—2
Ly =Lt tiv 1) X Lo m— 15 E2,my ]
for i=0,..,n,—2

Inlfl,nz—l = [Zl,nl—l’ tl,nl] X [t2,n271= tZ,nz:I'

Denoting by If; the closure of the interval I, ;
3:={0,..n —1}, J:={0, .., n,— 1}, we define

P, i=sup{f(t): tel}},

and setting

Q,;=inf{f(t):telf;}  for ieJ, je3.

Using these definitions the functions Pf, Qfe M(I) are introduced by
setting

Pf(t):=P,;, of(1):=0Q,; for tel,;, ie3, jed.

It must be shown now that Pf and Qf have the desired properties.
Certainly, (i) holds by definition. Another immediate consequence is the
inclusion

I¥,cQ,() for tel ; i€3, jeJ, and h=(hy, hy),

iL,js

from where the inequality | f(z) — Pf(¢)| £ w,(f, t; 2|h|) for tel can be
found. Integration gives || f— Pf]|; < t,(/; 2|#]); and the proposition of (ii)
for Pf follows by taking account of the definition of 4 and by applying
Lemma 1.1(i), (iv). The second part of (ii) can be shown in a similar
manner.

We now use the truncated power functions as introduced in Lemma 3.1
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to give another representation of the function Pf (writing o, , instead of
O—I[',,fl/)7
myp—1m—1
=3 ¥ (Pij=Pi, =P+ P ;- 1)a (1)
i=0 j=0

for tel, setting P, ,:=P ,,;:=0. This equality can be verified by
straightforward calculation. Apphcatlon of the operator L yields for 17

n—1n—1

|L(Pf)(t)_Pf(t)|§ Z z IPi,j“Pi,jfl

1=0 j=0

_Pi~1,j+Pi71,1‘——1| ILUI,/(t}‘Uz’,j(t)|~

As |P =P, =Py ;+ Py ;1| S20,(f (2, 15,);2|h]) for i>0 or
J>0 and 0,9=¢q, (which implies Lo, ,=ey,), it is found that after
integrating the above inequality

ng—1n—1

LB =PI S 3 3 200/ (210 12):2040) | Lo, — o,
i=0 ;=0
holds.
Applying Lemma 3.1(v) and recalling the relation between ./ M and h,
the inequality

n—1m—1

ILPH=PALSC T T [ oulf s 1a,); 200])

i=0 j=0 1
is obtained.
As Q, (1), 1, ;)S 82, (t) holds for tel,;, we have w(f, ({1, t2;);
2|nl) S wy(f, t; 4|h]) for te ], ; and therefore | L(Pf)— Pfl[, < Cti(f; 4lh]):.

The proposition of (iii) for Pf now follows from Lemma 1.1(i), (iv). The
one for Qf can be similarly shown. |

Proof of Theorem 2.1 for the case p=1. The functions Pf and Qf
introduced in Lemma32 are used. As |[f—Lf\SIf—Pf);+
| Pf — L{PH s + | L(Pf)— Lf]l,, by applying Lemma 3.2(i) the following
inequality is obtained:

IL(Pf)— L1y S IL(Pf) — LQN),
S IL(P) = PAI + 1B = S
+ L= Of + 1Qf — LI

The proposition of Theorem 2.1 can now be shown by using
Lemma 3.2(ii), (iii). J
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4. THE CASE p= o0

Proof of Theorem 2.1 for the case p=0o0. As 1,(f;0) =@,(f;6)
holds by Lemma 1.1(vi), it is possible to emulate the univariate proof of a
theorem by Lupag and Miiller [3].

Let JA[ denote the greatest integer that is strictly less than AeR.
Furthermore let 6 R* and keep x e/ fixed. Then for rel and |t —x|= 8
we get | f(¢t)— f(x)| L, (f;6 't —x| 8),, and by a well-known property
of the wusual modulus of smoothness (see, for example, [11])
1f(6) = fN =1+ 167 1= x|[) 01(f; 0) o -

As |t—x|=|t;}—x;) for j=1 or j=2, we obtain |f(t)—f(x) <
(1+ 5‘21//)9([)) @,(f; 8).,. This inequality also holds for re I and |t — x| <o
since in this case 16 '|t—x|[=0. Now it is possible to apply the
operator L and to evaluate the resulting inequality at the point x, thereby
showing |Lf(x)—f(x)| £ (1+3 2M) w,(f;d)., for xeI and finally that -
ILf = flo S (1 + 67 2M) w,(f; 6). Setting & :=./M, as MZ1,

ILf = /1l < Co,(f: /M) oo < Coo(f: /M), is obtained. |

5. THE CASE Il < p< o0

The proposition of Theorem 2.1 for 1< p < oo follows from the results
for the cases p=1 and p = co by making use of the following interpolation
theorem of Riesz-Thorin type for positive linear operators.

THEOREM 5.1. Let L: M(I)— M(I) be a positive linear operator, so that
for p, p*, 1 £ B, p* < o0, and a 6 R* the following estimates hold,

ILS = fll; £ Cti( /3 0)p,
ILf = fll» 2 Crilf50),.  for every feM(I),

the positive constants C being independent of the operator L, the function f,
and the numbers p, p*.
Then for every fe M(I) the following estimate holds true:

ILf = fll, = Cti(f5 9),,

1 1-6 ¢
—=——+— for 0eR,0<0<1
p p p

Here the positive constant C is independent of the operator L, the function f,
and the used norm, too.

For the proof of interpolation theorems for t-moduli see [1, 27.
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6. A COROLLARY TO THEOREM 2.1

Using Lemma 1.1(v) it is now possible to give as an immediate
consequence of Theorem 2.1

COROLLARY 6.1.  Let the conditions of Theorem 2.1 hold and let fe M(I),
having partial derivatives D"°f, D%'f, and D"'fe L (I), 1 £ p < co. Then the
Sfollowing estimate holds,

LS — f1, < C(IMID |, + & MID*f1l, +/MID 11,

the positive constant C being independent of the operator L and the
function f.

A further investigation of this estimate shows that for p = oo we have

ILf — o S C(IM DV, + MDY L),

which means that the term \/ﬂ | D"f]., can be dropped in this case. On
the other hand, a suitable example can be found to show that the term
\/A? | D"f]|, is necessary for the cases 1 < p<2 and cannot be dropped
from the estimate. See [8] for a detailed consideration. It stili remains to
be shown what happens for 2 £ p < c0.

Remark. All techniques used in the preceding treatment can be readily
transferred to the case of dimension m, m =2 3. Without going into details, it
should be noted that the result is (see [8]):

Let L: M(I)— M(I) be a positive linear operator that preserves
constants. Then for every fe M(J]) and 1< p < o the following estimate
holds,

ILf = f1, < Cr,(f; /M),

where M :=sup{Ly(x):i=1,..,m, xel} (Y[t):=(¢;,—x,;)* for fixed xe7
and i=1,.,m)and M <min,_, (1, (b;—a,)*").

m

ey
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